In this paper we describe a straightforward and almost entirely elementary method for establishing congruence properties of certain functions that are related to the partition function.
For integer k define Pk{n) by m=l n=0
In particular, P-\(n) is p{n), the partition function and P24(n -1) is Ramanujan's τ-function.
We are interested in congruences of the form [5] and modulo powers of 17 in a forthcoming paper by Hughes [7] .
In everything that follows, p is a prime number > 5. The variable x always satisfies |x| < 1 to ensure absolute convergence and we write f(x) ΞΞ g(x) (mod p) to mean that f{x) -g(x) is a power series in x with integer coefficients that are all divisible by p.
Euler's pentagonal number theorem, completely determine P\(n) and p${n). Also it suffices to consider k modulo p because, as is easily shown, if Pk(n) satisfies a congruence of the form (1) for some prime p then the same is true for Pk± p (n).
With certain values of k, other than 0, 1 and 3, it is possible to establish congruences by well-known methods which are entirely elementary. For instance, Ramanujan's original proofs of (2) and (3) in [13] are easily extended to show that (1) holds when k = 4, p = 5 (mod 6), 6b + I = 0 (mod p) and when
For an alternative proof of (2), the congruence
By (5), if n = 4 (mod 5) and the r, s term of the double sum is non-zero then
which cannot be true unless at least one of the terms on the left-hand side is divisible by 5. But then p${n) will also be a multiple of 5.
In Table 1 we give an exhaustive list of congruences of the form (1) for p< 199 and 2<k<p-1, kψl, 4, 6.
A theorem of Newman [10] established using modular function theory states that if Λ: = 4, 6, 8, 10, 14, 26,/? is a prime > 3 such that k(p+l) = 0 (mod 24) and
). This theorem disposes of all the k = 8 cases in Table 1 as well as k = 10, 14 and 26 when p = 11 (mod 12). Another of Newman's results [11] is that for even k, 4 < A: < 24 and prime /? > 3 such that b -k(p -l)/24 is an integer,
Thus k = 19, p = 12 and A: = 22, p = 61 in Table 1 reduce to single congruences. Newman's method is described in Chapter 7 of Knopp [8] .
In [14] , Ramanujan gives proofs of (4) by two different methods one of which we extend in order to deal with any congruence of the form (1) for which 24b + k = 0 (mod p). In particular we can prove all the entries in Table 1 (see next page) .
We illustrate the method with k = 10, p = 19, b = Π and for convenience we use the same notation as Ramanujan. Let In fact, P, Q and R are the normalised Eisenstein series E 2 , E 4 and Et. They are related to the discriminant Δ and the invariants In [12] , Ramanujan establishes in a direct and elementary manner a number of identities involving P, Q and R, including which is easily verified using (9), (10) and (11).
To obtain an identity like (12) we consider the matrix -4"'^'J defined by equating coefficients of
as a 9 β and γ run through the non-negative integers satisfying a 2β + 3γ = 6s -1. Here s satisfies 24s = k (mod p). 
(mod*)
The case 5 = 2 is illustrated in Table 2 .
What is interesting is perhaps not the actual method, for it merely involves routine computations, but rather the existence of the identity itself. It seems that there is no simpler expression of the form 12θf(x) that will serve our purpose.
In the other case for p = 19, namely k = 12, the corresponding expression is somewhat longer. 
(mod 19).
In one of his proofs of (4), Ramanujan uses (7) and (8) as well as Alternatively, using our method we obtain In a similar manner we can complete the proof of all the congruences in Table 1 except for k = 26, p Φ 179 where, as can be verified by computation, it turns out that there is no formula of the form (13) 120
In fact we obtain where the coefficients α α j are given by Table 3 .
Of course the congruences in Table 1 are really statements about Cauchy powers of Ramanujan's τ-function and can be established using modular function theory as already indicated. The author conjectures that, corresponding to every congruence of the form (1) there is a congruence (13) , except possibly when p = 11 (mod 12) and k = 26 in which case both (14) and (15) Writing w for the integer ^p-, we have to solve the following set of rnnffnienres morhiln n .
congruences modulo p. 
